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General Instructions

¢ Reading time — 5 minutes

¢ Working time — 2 hours

¢ \Write using black or blue pen
Black pen is preferred

e Board-approved calculators may be used

e A table of standard integrals is provided
at the back of this paper

e In Questions 11 — 14, show relevant
mathematical reasoning and/or
calculations.

Total marks — 70

Pages 2 - 5

10 marks

e Attempt Questions 1 — 10

e Allow about 15 minutes for this
section

Pages 6 - 10

60 marks

o Attempt Questions 11 — 14

e Allow about 1 hour 45 minutes
for this section



Section |

10 marks
Attempt Questions 1 — 10
Allow about 15 minutes for this section

Use the multiple-choice answer sheet for Questions 1 — 10

1 Ifz=a+ ib, where both a and b are non-zero real numbers, which of the following
does not represent a real number?

(A) z+1Z
(B) lz|
(C) 2* - 2abi

(D) (z-9)(z+7)

2  Which of the following is the graph of 9x” — 16y2 =144 7

(A) (B)

(©) (D)




3 Letz= cis(%”j , the imaginary part of z—1 is
_1
A) -5
_1
B) -3
_3
© -3
_3i
0O -3

P(z) is a polynomial of degree 4 with real coefficients.

Which one of the following statements must be false?

(A) P(z) = 0 has two real roots and two non-real roots.

(B) P(z) =0 has one real double root and two non-real roots.
(C) P(2) =0 has one real root and three non-real roots.

(D) P(z) =0 has no real roots.

In the complex plane, the ellipse with equation |z + i| + |z — 3i| = 6 can be represented
by the Cartesian equation

2 2
€ X+0=1 -
9 5

2 2
) B +¥L =g

If P(2) = 2P —2+47-8 , then a linear factor of P(z) is

(A) 2

(B) z+2
(C) z+2i
(D) 7+ 4i



7 The complex number a + ib, where a and b are real constants, is represented in the

following diagram.

Im(z)

b

» Re(z)

All axes below have the same scale as in the diagram above.

The number —i(a + ib) could be represented by

(A)
Im(z)
5 » Re(z)
©)
Im(z)
F 3
.
» Re(z)
(9]

(B)
Im(z)
5 —» Re(z)
°
(D)
Im(z)
1[
5 » Re(z)




8

10

2
P is any point on the hyperbola with equation x> _);T =1.
If m is the gradient of the tangent to the hyperbola at P, then m could be

leme<l
A -f<m<l

B) m<-1 >1
m< -3 orm>3

(C) -2<m<?2

(D) m<-2o0orm>2

On the Argand diagram below, the twelve points P,, P,, Ps, ..., Py, are evenly

spaced around the circle of radius 3.

Im(z)

Ps it Ps
Py &
l_); o) i »Re(z)
K
Py
3

‘PIU
The points which represent complex numbers such that 2* = —27i are
(A) Py only
(B) P, only

(C) PZ’ P61 Plo
(D) P4 Pg Py,

2

2
Given that the hyperbola with equation X—2 - Lz =1 has eccentricity e, then the

a b
2 2
ellipse with equation % + y_2 =1 has eccentricity
a+b b
(A) —e
1
(B) =
(C) Je
(D) ¢’

END OF SECTION I
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Section |1

60 marks
Attempt Questions 11 — 14
Allow about 1 hour 45 minutes for this section

Answer each question on the appropriate answer sheet. Each answer sheet must show your
BOSH#. Extra paper is available.

In Questions 11 — 14, your responses should include relevant mathematical reasoning
and/or calculations.

Marks
Question 11 (15 marks) Use a separate answer sheet
(@) Letz=1-iandw=43 +i,find
()  z in modulus-argument form 2
(ii) Vivinthe form a + ib 2
(b) (i) On an Argand diagram, sketch the locus of the points z such that 2
’z - -if2 ‘ <1
(i)  Find the maximum value of || 2
(iii)  Find the minimum value of argz 2
(c) Given that w is a non-real cube root of unity, evaluate 2

(1 - 3w + WZ)(l +W-— 8W2)

(d) Inan Argand diagram, OABC is a rhombus, where O is the origin and A is the 3
point (1,2).

If «BAO =30° and B is in the second quadrant, find the complex numbers
representing the points B and C.



Marks
Question 12 (15 marks) Use a separate answer sheet

(@) Given that the quartic polynomial x* —5x> —9x* + 81x - 108 has a triple root, 3
completely factorise the polynomial.

2 2
(b) For the ellipse XZ + % =1, find

(i) its eccentricity 1
(it)  the coordinates of the foci 1
(i)  the equation of the directrices. 1

(c) Let a, fand y be the zeros of the polynomial function

P(x) = x>+ 2x° + 19x + 18

(1) Find a+ pg+y 1
(i) Find &+ F + 7 1
(iiiy Findo'+ 45+ 2
(iv) Determine how many of the zeros are real. Justify your answer. 2

3 Xx—4 3

(d) Solve the inequality 43 x




Marks
Question 13 (15 marks) Use a separate answer sheet

(@) Three pirates are sharing out the contents of a treasure chest containing forty-eight
gold coins and two lead coins. The first pirate takes out coins one at a time until a lead
coin is taken. The second pirate then takes out coins one at a time until the second lead
coin is taken. The third pirate then takes all of the remaining coins.

(1)  In how many ways can the coins be distributed? 1

(i)  What is the probability that all three pirates receive some gold coins? 2

(b) Inthe diagram, PQR is a triangle inscribed in a circle. The altitude PD is produced to
meet the circle at J, the altitude QE is produced to meet the circle at K and these two
altitudes intersect at M.

Copy or trace the diagram into your answer booklet.

(i) Explain why the quadrilaterals PQDE and REMD are cyclic 2
(i)  Show that PR bisects ZKRM 2
(iii)  Hence, or otherwise, show that KR = JR 2

Question 13 continues on page 9
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Marks

Question 13 (continued)
2

2
(c) Acircle, centred at the origin, is drawn through the two foci of the ellipse X—2 + Lz =1,

a b
cutting the ellipse at P(X;,Y:) as shown.
YA
>
X
(i) Show that the equation of the normal to the ellipse at P is a_2X_b_zx = g6’ 2
X1 W
(i)  The normal at P meets the y-axis at N. 2
Show that the y ordinate of N is — ae
(iii)  Hence deduce that the angle between the tangents to the circle and the 2

ellipse at the point of intersection is equal to the angle of inclination between
the normal and the semi-minor axis of the ellipse.

End of Question 13



Marks
Question 14 (15 marks) Use a separate answer sheet

(@) (i) On the same diagram, sketch the graphs of X+ y2 =1and X' - y2 =1, 2
showing clearly the coordinates of any points of intersection with the axes
and the equation of any asymptotes.

(i)  Shade the region where the inequality (xz + y2 - 1)(x2 - y2 - 1) <0 holds. 2

(b) P(cp,%) and Q(cq,%j are two variable points on the rectangular hyperbola xy = ¢

which move so that the points P, Q and S(cy2, cy2 | are always collinear.

\

() Show that the tangent at P has the equation x + p2y = 2cp 2
(i)  Hence show that R has coordinates (M , L) 2
p+q p+q
iii) Show that p + g =42 (1 + pq) 2
(iii) pP+q Pq
(iv) Hence, or otherwise, find the equation of the locus of R. 2
(c) Prove by induction that the polynomial x*** +a™" " " , where a is a real 3

number, is divisible by x + a , for all positive integers n.

End of paper

-10 -



BLANK PAGE

-11 -



STANDARD INTEGRALS

jx”dx :ix”“, nz-1x=0, if n<0
n+1
1
I—dx =Inx, x>0
X
J'eaxdx :ieax, az0
a
1.
_[cosax dx =~sinax, az0
] 1
J.sm ax dx :—gcosax, a=0
) 1
Jsec ax dx :gtanax, az0

1
_[sec axtanaxdx =—-secax, a=0

a
1 1 4 X
j —— dx =Ztan?Z, a=0
a?+x a a
1 ¢
j—dx =sin?>, a>0, —a<x<a
a’-x* a

I#dx :In(x+\/x2—a2) x>a>0

j#dx =In(x+\/x2+a2)

NOTE: Inx=1logx, x>0
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BAULKHAM HILLS HIGH SCHOOL
YEAR 12 EXTENSION 2 HALF YEARLY 2013 SOLUTIONS

Solution | Marks | Comments

SECTION |

1. D-
z+Z=a+ib+a-ib=2a = real

[2 2
|zl =da +b = real 1

z° - 2abi = a’ + 2abi— b’ — 2abi = a’—b° = real
(z-2)(z+7)=(a+ib-a+ib)(a+ib+a-ib) = 2ib x 2a = 4aib = imaginary

2 B 0¢_167=144 = X ¥ =1
' y 169 1
Foci are on the x-axis and x-intercepts are (+4,0)
ol B — AneDT oy icinD T P 3.1
. B- === == Z—i= - +o—j
3 us(ﬁj cosFﬂsm6 >t
= _£+li = _J__3_li 1
2 2 2 2
_iy= -1
Im(z 1) >

4. C - as the coefficients are real, imaginary roots will appear in conjugate pairs
- there cannot be an odd number of non-real roots

5. A -fociare (0, - 1) and (0,3) = centre shiftedto (0,1)
PS+PS'=2b = 2b=6 = b=3 be =2 a’=b(1-¢")
NOTE: foci are on y-axis

_2 4
e==% = .
3 ( 9) 1
=5
2 2
X p-1D o
5 9
6. C-
2 would be a root not a linear factor)
P(-2) = (-2)° - 2(-2)° + 4(-2) -8 = -28 % 0 1

P(-2i) = (-2i)° - 2(-2i)* + 4(-2i) =8 = 8i + 8- 8i —8 = 0 .~. (z + 2i) is a factor
NOTE:P(2) = (z + 2i)(z - 2i)(z - 2)

7. A- —i(a+ib) = rotate a +ib, 90° clockwise
-~ answer should be in the fourth quadrant

Im(z)
F 3
T 1
» Re(z)
0 /
8. D —asymptotes are y = *2X
asXx — oo , slope of tangent — 2 1

at the x-ntercepts, tangent is vertical
thusm< —2orm>2




Solution Marks Comments
9. D-2°= —27i= -3ix —3i x - 3i
z=23i
Solutions are evenly spaced around the circle of radius 3
i.e. form an equilateral triangle. = P,, Pg, Py,
Im(z)
Ps . Fs
“/ & 1
2\ / 0 \ :f HRe(?)
Py Py
=3P
. 2 2 2 2 2
10. B - hyperbola e’=2 +2b ellipse E’= w
a a+b
2
__a
a’+ b’ 1
_1
2
e
E= l
e
SECTION II
QUESTION 11
: L 2 2 N | 2 marks
11(a) (i) 1-if=~1"+(-1) arg(1-i) =tan "—= « Correctly substitutes both
=2 the modulus and the
= —f argument into the required
) form.
1—|=J§(cos(—ﬁ)+isin(—£)j 1 mark
4 4 e Finds either the modulus
or the argument
o Note: argument should be
quoted - r<argz< x
- ;7 1-i B3 -i 2 marks
11(a) (ii) W R x J_3— « Correct solution
! -1 1 mark
_JB-i-if3 -1 « Attempts to multiply by
- Z 2 the conjugate of the
B i 2 denominator
:(‘\/g _1j_|(\/§ +1)
3+1
_B3-1_B+1 i
4 4
11(b) (i) 2 marks
Im () e Correct solution
1 mark
lz—V2-iV2| <1 e Draws the correct
boundary circle
e Recognises that the region
2 is inside a circular

R>e )

boundary




Solution

Marks

Comments

11(b) (ii)
max |z =d+1

=Nz (2] 1

2 marks
e Correct solution
1 mark

e Recognises that max |z| is

=J4 +1 2 the length of the interval
- joining the origin to the
circumference, passing
~ through the centre of the
- circle.
11(b) (iii) 2 marks
i =Z_ N ¢ Correct solution
min argz 7 o 1 mark
_ gL d e Recognises that the
4 2 2 minimum argument
- involves the tangent drawn
“27% to the circle from the
~ origin.
= £ 7
12
11(c) As w is a non-real cube root of unity, then w=landl+w+w' =0 2 marks i
2 2 2 2 2 o Correct solution
(1—3W+W )[1+W—8W]: (1+w+w —24W](1+W+W —9W) 1 mark
= —4w x —9w o Makes progress towards a
3 solution using the fact
= 36w 2 S g
- 36 l+w+w =0
e Obtains 36 by substituting
a cube root of unity into
the expression
— —>
11(d) OC = OA x cis(150° A 3 marks
@ ( J_) Im (2) ¢ Correct solution
- ; 3 .1 A(1,2) 2 marks
C= 1+2|(——+—|) ’
( =2 %3 B 309 « Correctly finds either B or
C.
=—‘/_73+%i—~/§i—1 1 mark
> o Attempts to find either A
- _2+43 ,1-28 i c 0 Re(2) 3 or B through the addition
2 2 or multiplication of
—» vectors.
B=A+0C
S140i_ 23 1-208;
2 2
. 3,525,
2 2
QUESTION 12
12(a) P(X) =x'—5x - 9x + 81x - 108 P(x) = 0 3marks
, 3 2 2 o Correct solution
P'(x) = 4x” —15x" - 18x + 81 2X"=5x-3=0 2 marks
P(x) = 12x° - 30x — 18 (2x+1)(x-3)=0 e Correctly identifies the
-1 _ triple root
X 2 or x=3 3 1 mark
PR)=P'(3)=P"(3) =0 o Attempts to find the

. 3is the triple root

P(X) = (x=3)°(x + 4)

multiple root using
calculus or equivalent
method




Solution

Marks

Comments

12(b) (i) e’ =25

o~
|
w

1 1
Nl N[
IS

@D
1

1 mark
e Correct answer

12(b) (ii) foci: (xae, 0) = [ +2 x

N[~

0]

(£1,0)

1 mark
e Correct answer

¢ Do not penalise for lack of
+

QD

12(b) (iii) directrices: x ==

X=x=x

RN ©
N

X=%4

1 mark
e Correct answer

¢ Do not penalise for lack of
+

12(c) (i) at fry= -2

1 mark
e Correct answer

Ay =(at B —2aB+ ar+ B)
= (-2)°-2(19)

12(c) (ii)

1 mark
e Correct answer

= _34
@ +2d5+19a+18=0 300 = —2350" 1950 - 54
£ +2F +195+18=0 ~2(-34)-19(-2)-54
7 +2/ +19y+18=0 52
35+ 230 + 1950+ 54 =0

12(c) (iii)

2 marks

e Correct solution

1 mark

e Uses a valid method in an
attempt to find answer.

12(c) (iv)  As the coefficients are real, imaginary zeros will appear in conjugate pairs
-+ there is either one or three real zeros
a2 + ﬁ + 72 <0
So there must be some imaginary zeros.

As the order of the polynomial is three the only possibility is that there is one real zero

2 marks
e Correct solution
1 mark

e Mentions some logical
relationship between the
roots and coefficients that
is useful in determining
the number of real zeros.

12(d)

3 _x-4
X+ 3 X

3x:x2—x—12
X —4x-12=0

(x+2)(x-6)=0
X= -20r x=6

E.""‘ 2 0 (E

= - 8]

X+3#0
X# -3

-3<x< -2 or 0<x<6

3 marks

e Correct graphical solution
on number line or
algebraic solution, with
correct working

2 marks

e Bald answer

e |dentifies the four correct
critical points via a correct
method

e Correct conclusion to their
critical points obtained
using a correct method

1 mark

e Uses a correct method

¢ Acknowledges a problem
with the denominator.

0 marks

e Solves like a normal
equation , with no
consideration of the
denominator.




Solution

| Marks |

Comments

QUESTION 13

13(a) (i) The question is equivalent to how many ways can 2 L’s and 48 G’s be arranged.
50!
4812!

= 1225

Ways =

1 mark

e Correct
solution

¢ Note: do not
penalise for
unsimplified
answer

13(a) (ii) If all pirates are to receive some gold coins then the first and the last coin must be G, and
the two L’s cannot be together
Ways = Ways begin and end in G — Ways begin and end in G & L's are together

_ 481 _a7
462! 46!

1128 - 47

1081

P(all three pirates receive gold ) = _iggé

2 marks

e Correct
solution

1 mark

e Establishes
the correct
number of
ways

¢ Note: do not
penalise for
unsimplified
answer

e Finds the
probability
based upon a
number of
arrangements
where some of
the restrictions
have been
considered

13(b) (i) In PQDE;
ZPDQ = ZPEQ = 90°

(£'s in the same segment are =)

In REMD;

ZREM + ZRDM = 180°

(opposite £'s in quadrilateral
are supplementary)

2 marks

e Correct
explanation
for both
quadrilaterals

1 mark

o Correct
explanation
for one
quadrilateral

13(b) (ii)
ZKRP = ZKQP
In PQDE
Z/EDP = ZEQP
In REMD
Z/EDM = ZERM
- ZKRP = ZERM
i.e. PR bisects ZKRM

(£'s in same segment =)

(Z£'s in same segment =)

(Z£'s in same segment =)

2 marks

o Correct
solution

1 mark

o Significant
progress
towards
correct
solution

13(b) (iii)
ZMRD = ZJRD
In AKER and AMER
ZKER = ZMER = 90°
ZKRE = ZMRE
RE is a common side
. AKER = AMER
KR =MR
In AMRD and AJRD
MR = JR
KR =JR

(similar method to part (ii) )

(given)
(proven in part (ii) )

(AAS)
(matching sides in = A's)

(by a similar method)

2 marks

o Correct
solution

1 mark

o Significant
progress
towards
correct
solution




Solution

Marks Comments
_ NG y_Z 2 marks
13(c) (i) S+ 7 =1 oat (X, Y1), « Correct solution
a _ a_zy_l 1 mark
2_)2( + 3)21 <=0 Mhormal = 2, e Correctly derives the
a podx ! slope of the normal
dy- b
dx a’y
2
y‘lea_zh(X_Xl) 2
X
2 2 2 2
by = by, = a’yiX — a'x.y,
2 2. 2 2
ayX—bxy =axy, —bxy
ax_bYy_ 2
XX Y1
ax By 20
XX Y
13(c) (ii) y-intercept occurs when x =0 2 marks
) .
by _ 22 e Correct solution
_le -ae 1 mark
59 e Attempts to eliminate
y= _a_ezy_1 y, from the y-intercept
b using a valid method
However P lies on both the ellipse and the circle
2 2 22 2.2 2 2 2,22
X, ty, =ae = b'x,” + by, =ab'e
blez + azylz - a2b2 b2x12 + a2y12 _ a2b2
(a” - b’)y,” = a’b(1-¢”) 2
22 2 4
aey, =b
4
2_b
Yi =53
ae
2
_b
V1= 8
_ae P
y=- 2 X —
b ae
= —ae
YA 2 marks
13(c) (iii) e Correct solution
1 mark
b e Significant progress
P(x, 1)) towards correct

A

OP =0ON (= radii)
AOPN is isosceles (2 = sides)
ZONP = ZOPN (base Z's inisosceles A =)

ON_Ltangent to the circle (radiusltangent)
..ON is the normal to the circle at P

Z/ONP = / between the two normals
~.Z0ONP = / between the two tangents

solution




Solution

| Marks |

Comments

QUESTION 14

14(2) (i)

2 marks

e Correct solution

1 mark

e Two correct graphs
with some relevant
features not labelled

¢ One correct graph with
all relevant labelling
included

14(a) (ii) Region must be when @ X — y2 <landx* + y2 >1 aswell as

@x - y2 >1and X + y2 <1 .Howeverin @ the only common points are
(1,1) and (-1, — 1) thus it is only region ®

2 marks

e Correct solution

1 mark

e Some correct regions
indicated, with no
more than one incorrect
region.

14(b) (i)

Py-cp=-x+cp

W 2 x+p’y=2cp
Whenx:Zp,—X: -——
dX 022
p

. required slope = —

Sl Bl

2 marks

e Substitutes into point-
slope formula and
arrives at the required
result

1 mark

e Finds the required
slope

14(b) (ii) X +p’y = 2cp

X+ gy = 2cq

(p*-d’ly = 2c(p - q) =
y= 2c(p -
(p+a)p-q)
2C
p+q

y:

2 marks

e Correct solution

1 mark

o Successfully finds the x
or y coordinate using a
valid method.

e Successfully substitutes
R into one of the
tangents.

e Attempts to substitute
R into both tangents




Solution Marks Comments
14(b) (ii)...continued.
OR
2 2
X + pzy - 2cpq . 2¢p X + q2y - 2cpq . 2cq
p+q p+q p+q p+q
— 2cp(q + - 2cq(p +
p+q p+q
=2cp = 2cq
.-.as R lies on both tangents, it must be the point of intersection
14(b) (iii) Mpg = Mes 2 marks
c c ¢C » Correct solution
D q_p_ o2 1 mark
cP-Ccq on_ e Attempts to equate
cp - o2 two relevant slopes or
g-p _1-pJ2 equivalent merit
Pa(P-a)  p’-pf2 2
_1_1-pf2
P4 p(p-42)
~p+2 =q-paf2
p+q=42(1+pg)
14(b) (iv) x+y=26p9 . _2C 2 marks
p+q p+q e Correct solution
- oc[P9+1 1 mark
p+q e Attempts to use the
+ + relationship found in
= 20(—p—q—) (from (i) 1+pg= u) (iii) in a valid manner
2 (p+q) 2 « Correctly states or
=c2 2 uses the focal chord
- locus of Ris x +y = &2 property of a conic.
OR
S is the focus of the hyperbola i.e. PQ is a focal chord.
In any conic tangents drawn from the extremities of a focal chord meet on the
corresponding directrix.
- locus of Ris x +y = cﬁ
14(c) Whenn =1, There are 4 key parts of
CHa= (x + a)[xz _ax+ az) the induction;
3, 3. .. 1. Proving the result
~X +a isdivisibleby (x+a) trueforn=1
Hence the resultis true for n=1 2. Clearly stating the
assumption and
Assume the result is true for n = k where k is an integer what is to be proven
. k+1 | _2k+1_ . : 3. Using the
ie. X +a = (x + @)Q(x) where Q(X) is a polynomial
( JQM) Q) poly assumption in the
Prove the result is true for n=k+1 proof .
. 2k+3 | 2k+3 _ . . 4. Correctly proving
i.e. X +a = (x + a)(R(x) where R(x) is a polynomial the required
PROOE statement
X2k+3+a2k+3=X2(X2k+l) +a2k+3 3 3 marks
2 2k+1 2k +3 e Successfully does all
=X [(X +a)Q(x) - ak ] ta ) of the 4 key parts
= (x + AXQX) —a K + a1 2 marks
_ 2 k+1 2 2 e Successfully does 3 of
=(x+ a)sz(x) - a2k ) 1[X —-a ] the 4 key parts
=(x+a)Xx Q(x)—a (x+a)(x—a) 1 mark
_ 2 2%k+1 e Successfully does 2 of
=+ a)[x Qk)—a (x-— a)} the 4 key parts

= (x + a)R(x) where R(x) = sz(x) PG

(x—a) , which is a polynomial
Hence the result is true forn =k + 1, if it is true forn =k

Since the result is true for n = 1, then it is true for all positive integers by induction.




